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0. Introduction 
The concept of stable range of a ring A, denoted x(A), was first introduced by 
H. Bass [l] to study some stabilisation results in algebraic K-theory. Bass’s theorems 
have had several applications, not only in algebra but also in topology and analysis. 
Vasershtein [17] found a precise relation between the stable range of the algebra of 
continous functions on a space X and the covering dimension of X (see T5corem 
5). In this paper we relate the stable range conditions on a Banach algebra A with 
the topological structure of A. 
In Section 1 we prove that the set of unimodular ows U&l) (see the definition 
below) is connected if sr(A) 5 112 - 1. This is a topological analogue of a result of 
Bass [l, Theorem 4.2a], which has interesting consequences. Thus, we deduce from 
it in an easy way that the algebra BL(H) of bounded linear operators of an infinite- 
dimensional Hilbert space H has infinite stable range (cf. [la], [9], [S]). 
In Section 2 we show that sr(A)=n if U&4) is dense in A”. As a corollary we 
calculate the stable range of some Banach algebras. For example, we prove that 
x+, the unitization of the ideal of compact operators of a Hilbert space H, has 
stable range 1. We also estimate the stable range of the disc algebra and extend a 
result of Rickart [13, A. 1.11 which states that the group of invertible operators of 
H is not dense in BL(H). Then we include a ‘non-Banach’ example, the incidence 
algebra I(P) of a partially ordered locally finite set P, studied in combinatorial 
theory ([14], [7]), and we prove that I(P) has stable range 1. 
In Section 3 we restrict our attention to commutative Banach algebras. Let d be 
the covering dimension of the spectrum of A. We prove that sr(A) I +d+ 1. In par- 
ticular, every commutative Banach algebra which admits a finite system of 
generators has finite stab e range. Most uniform algebras, then, have finite stable 
range. An improvement may be found when A is a regular Banach algebra. In fact, 
in this case we prove sr(A) = [+d] + 1, so the finiteness of d is equivalent o the 
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finiteness of sr(A). 
We are grateful to Max Karoubi and Horatio Porta for many stimulating and 
helpful conversations. 
Preliminaries and notations 
In this paper rings and algebras are supposed to have unit element, always 
denoted by 1, and morphisms preserve units. In a ring A, the group of units is 
denoted A*, M,(A) is the ring of n xn matrices with entries in A, GL,(A) is 
Mn(A)’ and Aop is the opposite ring of A. If CI is an element of A, eii(a) 
(i, j=l,..., n, i# j) is the n x n matrix which differs from the identity in an a at the 
&entry. 
The set of connected components of a space X is denoted Q(X). The spaces 
whose components are considered in-the paper are all locally arcwise connected, so 
we identify components and arcwise components. Given spaces X, Y we denote by 
C(X, Y) the set of continuous mappings form X to Y. In particular, C(X) denotes 
the algebra of complex eontinuous functions on X. 
We shall use the following characterization f the covering dimension, dim(X), 
of a normal space X (cf. [lo]): 
0.1. dim X= n if and only iJ for every closed subset F of X, the restriction mapping 
@F: C(X, S’)+C(F, S”) is onto. 
By the fibration properties of &, it is clear that dim XS n if and only if 
[Q$ : [X, S” ]+ [E S”] is onto (where the brackets denote homotopy classes of con- 
tinuous mappings). 
The spectrum X(A) of a commutative Banach algebra A is the space of non-zero 
multiplicative linear functionals with the Gelfand topology: hi *h if and only if 
hi(a)+h(a) for every CI in A. 
1. Unimodu!ar rows and stable range 
Let A be a ring. We say that a= (a 1, . . . , a,) E A" is unimodular if there exist 
elements b 1, ..* , b, EA such that I:=, biai = 1. &(A) denotes the set of all uni- 
modular elements of A”. 
A iz said to have finite sta le range if there exists ,rz Eh\l such that the following 
condition holds: (SR), Given (q, . . . , a,, + l) E Un + I (A) there exist x1, . . . , x,, E A such 
that (a, +~~a,+~, . . ..a.+~ a n n+ I)~ U,(A). (It is easy to prove that (SR), implies 
(SR),. 1 I?il:r 0; see [2], [ 171.) The stable range of A, sr(A) is the least n such that 
(SR), holds. We write sr(A) = 00 if (SR), is false for each n E fN. 
The reader is referred to Bass’ book [2], and to papers [ 11, [5], [9], [ 171, 1181 for 
some applications of this concept. 
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The following result, taktzn from 15, 411, allows us to study the meaning of the 
stable range conditions (SRI, in the case of a (real or complex) Banach algebra A 
with identity (we will say 91 Banach algebra’). Note that in this case !$(A) is an 
open subset of A”. 
Theorem 1. Let A be a Barrach algebra and a E O,(A). Let tli : GL,(.ta)* WJA) be 
the application defined by ,;(o) = era. Then 
(i) tcl is a submersion (for the structure of Banach manifolds subjacent to 
GL,(A) and U,,(A)); in particular ta is an open mapping. 
(ii) The image & of t, is open and closed in c/n(A), so it is the union of certain 
connected components of (In(A). 
(iii) & is a homogeneous space of GL,(A). 
(iv) ta : GL,(A)-+r, is a p%wipal docah’y tFiVial$ibFe bundie with structure group 
Ga= (IrEGL,(A): oa=a). 
(v) &(A) is a discrete urion of homogeneous spaces of GL,(A). 
Proof. We define ‘on Um(A:l the following relation: a- b e there exists B E GL,(A) 
such that na= b. 
- is an equivalence relati 3n and FU is the class of equivalence of a; suppose that 
(i) is proved, so & is open, ;and also closed, because - defines a partition of U&A) 
in disjoint classes; for the general theory of Banach-Lie groups (as in [3]) f= is 
homeomorph to GL,(A)/G,,, and the rest is clear; so we only need to prove (i); for 
this we exhibit a right inverse of the tangent linear application T&J of t, at 
a E GLJA); to is the restriction to GL,(A) of the linear application T : M,(A)+AR, 
Ta = oa, so T,(t,) = T. 
If bEA” is such that (b, a)= Cr=, biai= 1, then J: A” -%,(A) defined by 
is clearly a right inverse of T, so tcr is a submersion. 
Theorem 2. Let A be a Banrrh algebra. Suppose that A has stable range not greater 
than n. Then for any m 2 n + 1, &,(A) is connected by arcs in A? In particular t, 
is surjective. 
Proof. Take a E U,(A); as (SR),_ I holds, there exist x1, . . . , x,_ 1 E A such that 
a=@ +xla,,,...,a,,,_l +x,,,_,a,,,)E U,,+,(A). 
Let y : I+AM be the arc defined by 
vi(t)= I lli + tXi Q’m , 1 SiCm, (1 - t)a,,, i=m. 
Actually y has its image contained in Urn(A); take zl, . . . , z,._ 1 t: A such that 
(z,@)= 1, define w=(z, ,... ,z~__~, 1:;’ _ ZiXi) and note that (w, v(t)> =z 1 (t E [0, 11). 
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Nate that y(O) = Q and y(l) = (ip, 0). Finally we prove that (a, 0) belongs to the corn- 
ponent of e,; it is clear that all canonical vectors belong to the same connected 
component, which we denote U,(&J. 
Define S : .FvlM by the formulas 
and 
Then {y,&(t))= 1 (&[O, 11): so 6 is an arc in &,,(A),6(0)=em and &1)=(&O); we 
have proved that every UE U,(A) is in U,(AjO, KJ U,(A) is connected. 
Remark. Bass [l] proved that the subgroup E,(A) of elementary matrices acts 
transitively on U,(A) if A has stable range not greater than m - 1. When A is a 
Ban?..zh algebra, eV(a) is connected with the identity of GL,(A) (take 
y : I+GL,(A), p(t) =eu(ta)); as every elementary matrix is a finite product of 
matrices of this type, it results that E,(A) is contained in GL,(A)*, the identity 
component in GL,(A). So, when sr A rm - I, given a, b E U’(A) there exists 
d E E,(A) such that era= b; as 0 is connected to1m in E,(A), a is connected to b 
in U,(A). This is another proof of the connectedness of U’(A) for m - 1 zsr(A). 
Corollary (cf. [ 51). Let H be an infmite-dimensional Hilbert space. Then the algebra 
BL(H) of bounded linear operators has infinite stable range. 
Proof. It is easy to prove that BL(H) is isomorph, as left BL(H)-module, to 
BL(H)2 and, in general, to BL(H)” (see IS]); then Q(BL(H)) is homeomorph to
UJBL(H)) for every n; we know that GL,(BL(H)) is connected (nE IN) (181) so, if 
we prove that U,(BL(H)) (and so every U’(BL(H))) is disconnected, the preceding 
theorem says us that sr(BL(H)) = ~0, for GL(BL(H))+U,(BL(H)) cannot be 
surjective. 
It is clear that GL(H) is a proper, connected, open subset of r/,(BL(H)). 
The next lemma proves that GL(Hj is closed in “CI,(BL(H)), so GL(H) is a pro- 
per subset and a connected component and r/,(BL(H)) must be disconnected. 
ma. Let A be a Banach algebra. Then the group A’ of ail invertible lements 
of A is a closed (and ofxn) subset of U,(A). 
roof. Suppose a,, E A’, a, *a E U,(A); if ba = 1, then ba, + 1 and, as A’ is open, 
there exists no such that ba,, E A’ (n z no); so b = (ba,Ja;’ E A’ and a = b-‘(ba) E A’. 
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2, criterion of finiteness 
3. Let A be a Btrnach algebra. if U,,(A) is a dense subset of A”, then 
sr(A) s n. 
Proof. We will prove that sr(Aop) s n and quote a result of Vasterstein ([ 17, 
Theoem 21 which states that A and AoP have the same stable range. Take 
(a 1, l ,an+r)E Q,+r(Aop) and ~1, .-, yn+ 1 E A such that (a, y) = 1. The open set 
V= i aixi+a,+Iy,+1EA’ 
i=l 
is not empty ((yr, . . . . y,,) E V); as r/,(A) is dense, there exists XE KI U,(A). Take 
CE A” such that 
(C,X)= i CiXi='ls 
i=l 
We assert that 
in fact 
(I?,x)= i aixi+a,,+1y,+lEA’; 
i=i 
thus tie c/n(Aop) and we have proved that sr(AOP) s n. 
Corollary 1. Let E be a set and B(E) the algebra of (real or complex-valued) 
bounded functions on E. Then 
sr(B(E)) = 1. 
Proof. B(E) is a Banach algebra with the supreme norm; take f e B(E) and e>O. 
Define 
El={xeE: If(x)l~c} and fl=fX&,+ECE, 
(where CF denotes the characteristic function of FC E, that is, CF = 0 if XE E\F, 
CF(X) = 1 if XEF). It is clear that fl E B(E)’ and [If -fl 1 <e. Thus, B(E)’ is dense 
in B(E) and sr(B(E)) = 1. 
Corollary 2 (cf. 1.13, A. 1.11). Let H be a Hilbert space. Then BL(H) \ GL(H)i has 
non-void interior. More generally, BL(H)” \ U,(BL(H)) has non-void interior for 
each natural number n. 
roof. We know that sr(BL(H)) = 00, so, by the theorem &(BL(H)) cannot be 
dense in BL(H)“. 
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Corollary 3. Let f : A+B be a continuous morphism of Banach algebras. Suppose 
that f is injective and its image is a dense and full subalgebra of B. If U”(A) is 
dense in A”, then sr(A) = N(B). 
roof. Recall that a subalgebra C of B is called full if Cf7 B’ = C’ . It is easy to see 
that under the conditions imposed to f, sr(A)ssr(B) (see (15, Theorem 2.21). 
Suppose that sr(A) s n; if L&(A) is dense in A”, f&&(A))) is dense in Bn; but 
f(Q(A))c U,,(B), so U,(B) must be dense in B” and, by the theorem, sr(B)sn; 
this proves the opposite inequality sr(A)zsr(B). 
Corollary 4. Let Q be an open subset of the complex plane. We denote by A(Q) the 
algebra of continuous functions f: fi +C which are holomorph on 52, with the 
supreme norm. Suppose that b is a polynomially convex compact in 43. Then 
sr A(Q)&. 
Proof. It suffices to prove that U&4(Q)) is dense in A(Q)2; we are done if we 
prove the following assertion: “Given 00 and two polynomials j3,@ there exist 
polynomials ps q without common zeroes in 0 such t:iat 1 p -a[ <E and 
iq-ij# <&“. 
In fact, if 0 is polynomially convex the subalgebra of polynomial functions is 
dense in A(Q) (see [4]) and it is clear that ($8) E &(A(@) if and only if f and 
have no common zero. 
So we take polynomials p and q and denote by 
the sets of zeroes of p alid q, respectively. 
There exists h > 0 such that flh, defined by 
has no common zero with q; in fact, if 
a= 1 I minJti-&I, tl#tk, I if p=l, 
en a>@; given hE(O,S), ph(z)=O*z=ti-h for some kn, for some iln, and in 
this case q(ti - h) #O. 
But lim,,, ph =p in A(Q), so we may choose h <8 such that 1 ph -pi Ce. Thus, 
an h > 0 may be found such that (ph, q) is arbitrarily close to (p, q) and (ph, q) E 
~2(Aw~* 
s. (1) Another proof may be deduced from the Corollary to Theorem 8. 
(2) D. Suarez has proved, using analytical methods, that sr(A(Q)) = 1. 
ecall that the unitization of an algebra A over a field F, denoted by A+, is 
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A x F with the product defined by (a, r). (b, s) = (ab + rb + sa, rs). A+ has a unit ele- 
ment, (0, 1). When A is a Banach algebra, we define the norm II@, r)[ = Ila(l+ 1 r I, 
which makes A+ a banach algebra. 
CorolPary So Let H be a separable Hilbert space and let .Y be the two-sided ideul 
of BL(H) of compact operators. Then, sr(Y’) = 1. 
Proof. It suffices to prove that (X’)’ is dense in I+. Let T=U+ K be an element 
of I+ and e>O. There exists an operator of finite rank F such that UK- F[ <+e. 
If we decompose H as the direct sum of E= image of F and its orthogonal comple- 
ment El, the operator F may be identified with a matrix 
where A is an endomorphism of E. But, E being finite-dimensional, Aut(E) is dense 
in End(E), so we can choose A%Aut(E) such that IA’- <A +U”)Ij c+e. There- 
fore, the operator ill+& defined by the matrix 
A’ B 
[ I 0 AI- 
is invertible in Y+ and llU+ K’- (AIt K) II c e. 
We close this section by calculating the stable range of the incidence algebra I(F) 
of a locally finite partially ordered se& !? Recall that a partially ordered set P is 
called locally finite if the segment [x, y] = {a~ P: xz~~y} is finite for every choice 
of q y in P. The reader may consult [ 141 and [7] for further comments on this con- 
cept. The incidence algebra I(P) is the set of all real-valued functions of two 
variables f: PX P-R with the property that f(x, y) = 0 if X&V. The sum of two such 
functions, as well as multiplication by scalars, are defined as usual. The product 
h = f l g is defined as follows: 
It is easy to see that the delta function 6 (6(x, y)#O (Jnly if x=y and 6(x, x) = 1) is 
the identity of I(P). Furthermore, a fiAnction f EI(P) is invertible if and only if 
f(x, x)#O for every XE P. 
A topology is defined on I(P) as fohows. A generalized sequence fi converges to 
f in I(P) if and only if j&y) converges to f(x, y) for every my. With this 
topology I(P) is a topological algebra with separately continuous product. l(P). is 
dense in I(P) but it is not open. So, we can not apply Theorem 3, whose proof may 
be adapted to algebras whose group of units is open. Nevertheless, we can prove, 
using algebraic computations, that I(P) has stable range 1. 
For any locally jkite, partially ordered set the incidence a 
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Proof. Given (Jg) E ?&(1(P)) there exist h, k E I(P) such that he f + km g = 6. It suf- 
fices to prove that an eel(P)’ can be found such that e. f + k. g E I(P)‘. Now, 
e l f + k l g E W)’ * d-% xlf(m, x) + k(x x)g(q X) # 0 
for every xf: P. But, as (Xg) E &U(P)), there exist h, kE I(P) such that, for every 
X E P, h(x, xlflx, X) + k(x, x)g(x, x) = 1. Thus, defining 
-_ 
and 
P, = {XEP: h(x,x)#O}, Pz={xeP: h(x,x)=O} 
e&,x)=h(x,x) if xePt, 
e&x)=+ if f&x)=0 and XEP~, 
e(x, x) = 1/(2,f(x, )) if f(x, x) #0 and x E P2 
and, finally 
e(x, y) = 0 if X*ty, 
then it is clear that 4x, x) #O for every XE P, 
and the proposition is proved. 
3. The case of commutative Banach algebras 
Proposition. Let A be a commutative ring. The folio wing conditions are equivaIent: 
(i) sr(A) 5 n. 
(ii) For every ideal I of A the canonical projection A +.A/1 defines a surjection 
n : &(A)+ u,(A/I). 
roof. (i) 3 (ii). Given a = (a,, . . . , rp,) E I/,(A/I) (C denotes the class of c E A in A/I) 
there exist yl, . . . , yn E A and b E I such that 
{y,a)=l+b, 
so (al, . . . . a,, b) E Un+ &l) and, by (i), there exist x1, . . . ,x, E A such that 
a’=(al +x,b, . . . . a,+x,,b) E U,(A). 
Then it is clear that z(a’) =a. 
(ii) * (i). Given (al, . . . , an + 1 ) E Un + 1(A), take I= (a, + 1) (the ideal generated by 
an+ 1); there must exist (bl , l . *, bn) E U,(A), x1, . , . , X, E A such that bi = ai + xia,, + 1, 
so s(A) s n. 
When A is a Banach algebra, conditions (ii) may be weakened as follows: 
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. Let A be a commutative Banach algebra. Then the following conditions 
are equivalent: 
(i) sr(A) 5 n. 
(ii) For every closed ideal I’ n : U,(A)+ u,(A/I) is surjective. 
Proof. Given (al, . . . , an + 1 )6zUn+i(A),takeI=(~),sowecanfindb=(bl,...,b,& 
U,(A) with 
bi-ai EI (i= 1, . . ..n). 
U,(A) is open, so there exists e> 0 with the property 
There exist also x1, . . . , X,EA with (bi-ai-Xian+laC&, SO 
c=(al+xla~+I,oo~,a~+x~a~+I)E t/,(A . 
As an application we calculate the stable range of C&X) (IK = IR or C) when X is 
a compact space. 
Theorem 5 (Vaserstein [ 1711). Let X be a compact space. then 
sr(Cc(X)) = [+dim X] + 1 and sr(C&X)) = dim X+ 1. 
Proof. We consider the complex case; the real case is similar. If I is a closed ideal 
of C(X)* C(X)/1 is identified (as Banach algebra) with C(F), where F is, the closed 
subset of X defined by 
F= {xeX: f(x) =O (f d)}. 
Clearly we can identify UE (C(X)) with C(X, Cg) where Cg = C”\O, so we have a 
commutative diagram 
where p1 and p2 are both defined by the formula 
It is clear that & is surjective if and only if eF is surjective. But, from known 
results of dimension theoqr [lQ], q$ is surjective M dim X5 2n - 1. 
. The result proved above allows us to exhibit an algebra A with finite stable 
range and a subalgebra S of A with infinite stable range. In fact let @ : J-G’” be 
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a surjective continuous function from the unit interval J onto the Hilbert cube. 
Composition with @ defines an injective morphism C,(JN)+C#), f-Jo@, 
whose image S is algebraically isomorphic to C”(JN); in particular, sr(S) = 
sr(CK( J”) = 00 because dim(J”) = 00. 
Now we present auseful condition which implies the finiteness of the stable range 
of a commutative Banach algebra. 
Theorem 6. Let A be a commutative Banach algebra. Suppose that, for every closed 
ideal I, U,(AN) is connected (in (&I)“). Then sr(A) 5 n. 
Proof. Given a Banach algebra B we denote by U,,(B)~ the connected component 
of el=(l,O,..., 0) in U,(B). We have shown elsewhere [6] that every epimorphism 
f : A-B induces alocally trivial fibre bundle fn : U,(A)0 + U#& (for a proof, just 
consider the commutative diagram 
and use Theorem 1). In particular, fn is surjective. If I is a closed ideal of A, 
taking B= A/I and using the connectedness of V,(A/I), we find that the natural 
mapping n : U,(A)-+ U,(A/I) is surjective. By Theorem 4, sr(A) s n, as claimed. 
Following some ideas of Novodvorski [ 111, Taylor [ 161 and Raeburn [ 121, it is 
easy to prove the following result (cf. [6]). 
Theorem 7. Let A be a complex commutative Banach algebra and U an open subset 
o 43”. Then, the Gelfand transfotm g : A+C(X(A)) induces a homotopy equi- 
valence gu : Au+C(X(A), U), where A u = (a E A”: sp(a) c U). In patticulat, there 
is a bijection between the set of connected components of AU and [X(A), U]. 
mark. Taking U= C”,= C” -0, it is easy to see that AU= U,(A). So, by the 
theorem above, we have a bijection rt&Y”(A)) * [X(A), S*“- ‘1, for C”, is homo- 
topically equivalent to S** - I. 
Give> an ideal of A, the hull of I is the following closed subset of X(A): 
” hull(I) = (h E X(A) : h(a) = 0 for every a E I}. 
It is well known (see, for example, [4]) that the spectrum X(A/I) is homeomorphic 
to hull(l). 
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Theorem 8. Let A be a commutative Banach algebra nd d the covering dimension 
of X(A). Then sr(A)+d+ 1. 
roof. Suppose that [+d] + 1 s n. Then ds 2n - 2, so for every closed ideal I of A 
dim hull(l) s 2n - 2 and this implies that 
z~(Q,(A/I)) = [X(A/I), S2” - ’ ] = [hull(l), s2” - ’ ] 
is trivial. Now, the map U,(A)===W~(A/I) being a fibration [6], it must be onto. 
This proves that sr(A)s n, as desired. 
Corollary. Let A be a complex commutative 
can be immersed in C”. Then sr(A) I n + 1. 
generators, r(A) 5 n + 1. 
Banach algebra whose spectrum X(A) 
In particular, if A has a system of n 
Recall that a complex commutative Banach algebra A is reguZar if for every closed 
subset FcX(A) \F there exists an element aE A such that h(a) = 1 end k(a) = 0 for 
every k E F. It is well known ([ 131, [4]) that, for A regular, the correspondence 
I+hull(l) is a bijection between the closed ideals of A and the closed subsets of 
Theorem 9. Let A be a regular Banach algebra. Then sr(A) = [ jd] + 1. 
Proof. It suffices to prove that [+d] + 1 sz if sr(A)sf, or, equivalently b  
for every closed FC X(A), d?F is onto. Consider the commutative square 
K(A) + C(X(A), S2”- ‘) 
0.1, that 
where hull(l) = F. The horizontal arrows are homotopy equivalences and the vertical 
arrows both have the pa#h lifting property. Then, n being onto, ,Q~ must be onto, 
too. 
Note added in proof 
M. Rieffel (Proc. London Math. Sot. 46 (1983) 301-333) has proved r~=!;~lts 
related to :iome of ours, in particular to Theorems 2 and 3. f 
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